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erations, see also Hess and Philipp [33]. The contextual structure of the EPR-Bohm experiment plays
again the crucial role. If we go into details of Eberhard’s proof, we shall immediately see that he oper-
ated with statistical data obtained from three different experimental contexts, C1, C2, C3, in such a way
as it was obtained on the basis of a single context. He took results belonging to one experimental setup
and add or substract them from results belonging to another experimental setup. These are not proper
manipulations from the viewpoint of statistics. One never performs algebraic mixing of data obtained
for totally different sample. Thus if one wants to proceed in Eberhard’s framework, he should find some
strong reasons that the situation in the EPR-Bohm experiment differs crucially from the general situation
in statistical experiments. I do not see such reasons. Moreover, the EPR-Bohm experimental setup is
very common from the general statistical viewpoint.

Moreover, Eberhard’s framework pointed to an additional source of nonexistence of a single proba-
bility distribution, see De Baere [50] and also [51]–[53]. Even if we ignore the contribution of measure-
ment devices, then the ψ-function still need not determine a single probability distribution. In Eberhard’s
framework we should operate with results which are obtained in different runs. One could ask: Is it pos-
sible to guarantee that different runs of experiment produce the same probability distribution of hidden
parameters? It seems that there are no reasons for such an assumption. We are not able to control the
source on the level of hidden variables. It may be that the ψ-function is just a symbolic representation
of the source, but it represents a huge ensemble of probability distributions of hidden variables. If e.g.
hidden variables are given by classical fields, see e.g. [54]–[56], then a finite run of realizations (emis-
sions of entangled photons) may be, but may be not representative for the ensemble of hidden variables
produced by the source.

9. Comparing of the EPR and the EPR-Bohm experiment

Typically the original EPR experiment [57] for correlations of coordinates and momenta and the
EPR-Bohm experiment for spin (or polarization) projections are not sharply distinguished. People are
almost sure that it is the same story, but the experimental setup was modified to move from “gedanken
experiment” to real physical experiment. However, it was not the case! We should sharply distinguish
these two experimental frameworks.

The crucial difference between the original EPR experiment and a new experiment which was pro-
posed by Bohm is that these experiments are based on quantum states having essentially different prop-
erties. The original EPR state

Ψ(x1, x2) =

∫ ∞

−∞
exp

{
i

~
(x1 − x2 + x0)p

}
dp,

and the singlet state

ψ =
1√
2
(|+ > |− > −|− > |+ >)

which is used in the EPR-Bohm experiment have in common only one thing: they describe correlated
(or by using the modern terminology entangled) systems. But, in contrast to the EPR-Bohm state, one
can really (as EPR claimed) associate with the original EPR state a single probability measure describing
incompatible quantum observables (position and momentum). The rigorous proof in probabilistic terms
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was proposed by the author and Igor Volovich in [58]. On the other hand, as we have seen for the
singlet state one could not construct a probabilistic model describing elements of reality corresponding
to incompatible observables.

Thus the original EPR state is really exceptional from the general viewpoint of statistical analysis. But
the EPR-Bohm state behaves “normally.” In fact, there is no clear physical explanation why statistical
data for incompatible contexts can be based on a single Kolmogorov space in one case and not in another.
One possible explanation is that “nice probabilistic features of the original EPR-experiment” arise only
due to the fact that it is “gedanken experiment.”

10. Appendix: Proofs

10.1. Bell’s inequality

Let P = (Λ,F , P ) be a Kolmogorov probability space: Λ is the set of parameters, F is a σ-algebra
of its subsets (used to define a probability measure), P is a probability measure. For any pair of random
variables u(λ), v(λ), their covariation is defined by

< u, v >= cov(u, v) =

∫

Λ

u(λ) v(λ) dP(λ).

We reproduce the proof of Bell’s inequality in the measure-theoretic framework.

Theorem. (Bell inequality for covariations) Let a, b, c = ±1 be random variables on P . Then Bell’s
inequality

| < a, b > − < c, b > | ≤ 1− < a, c > (1)

holds.
Proof. Set ∆ =< a, b > − < c, b > . By linearity of Lebesgue integral we obtain

∆ =

∫

Λ

a(λ)b(λ)dP(λ)−
∫

Λ

c(λ)b(λ)dP (λ) (2)

=

∫

Λ

[a(λ)− c(λ)]b(λ)dP (λ).

As
a(λ)2 = 1, (3)

we have:
|∆| = |

∫

Λ

[1− a(λ)c(λ)]a(λ)b(λ)dP (λ)| (4)

≤
∫

Λ

[1− a(λ)c(λ)]dP (λ).

It is evident that “hidden Bell’s postulate” on the existence of a single probability measure P serving
for three different experimental contexts (probabilistic compatibility of three random variables) plays the
crucial role in derivation of Bell’s inequality.
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10.2. Wigner inequality

We recall the following simple mathematical result, see Wigner [6]:

Theorem 1.2. (Wigner inequality) Let a, b, c = ±1 be arbitrary random variables on a Kolmogorov
space P . Then the following inequality holds:

P (a = +1, b = +1) + P (b = −1, c = +1) (5)

≥ P(a = +1, c = +1).

Proof. We have:
P (a(λ) = +1, b(λ) = +1)

= P (a(λ) = +1, b(λ) = +1, c(λ) = +1)

+P (a(λ) = +1, b(λ) = +1, c(λ) = −1),

(6)

P (b(λ) = −1, c(λ) = +1)

= P (a(λ) = +1, b(λ) = −1, c(λ) = +1)

+P (λ ∈ Λ : a(λ) = −1, b(λ) = −1, c(λ) = +1),

(7)

and
P (a(λ) = +1, c(λ) = +1)

= P (a(λ) = +1, b(λ) = +1, c(λ) = +1)

+P (a(λ) = +1, b(λ) = −1, c(λ) = +1).

(8)

If we add together the equations (6) and (7) we obtain

P (a(λ) = +1, b(λ) = +1) + P (b(λ) = −1, c(λ) = +1)

= P (a(λ) = +1, b(λ) = +1, c(λ) = +1)

+P (a(λ) = +1, b(λ) = +1, c(λ) = −1)

+P (a(λ) = +1, b(λ) = −1, c(λ) = +1)

+P (a(λ) = −1, b(λ) = −1, c(λ) = +1).

(9)

But the first and the third terms on the right hand side of this equation are just those which when added
together make up the term P (a(λ) = +1, c(λ) = +1) (Kolmogorov probability is additive). It therefore



Entropy 2008, 10 28

follows that:
P (a(λ) = +1, b(λ) = +1) + P(b(λ) = −1, c(λ) = +1)

= P (a(λ) = +1, c(λ) = +1)

+P (a(λ) = +1, b(λ) = +1, c(λ) = −1)

+P (a(λ) = −1, b(λ) = −1, c(λ) = +1)

(10)

By using non negativity of probability we obtain the inequality:

P (a(λ) = +1, b(λ) = +1) + P(b(λ) = −1, c(λ) = +1)

≥ P (a(λ) = +1, c(λ) = +1)

(11)

It is evident that “hidden Bell’s postulate” on the existence of a single probability measure P serving
for three different experimental contexts (probabilistic compatibility of three random variables) plays the
crucial role in derivation of Wigner’s inequality.

11. Conclusion

In probability theory Bell’s type inequalities were studied during last hundred years as constraints
for probabilistic compatibility of families of random variables – possibility to realize them on a single
probability space. In opposite to quantum physics, such arguments as nonlocality and “death of reality”
were not involved in considerations. In particular, nonexistence of a single probability space does not
imply that the realistic description (a map λ → a(λ)) is impossible to construct. Bell’s type inequalities
were considered as signs (sufficient conditions) of impossibility to perform simultaneous measurement
all random variables from a family under consideration. Such an interpretation can be used for statistical
data obtained in the EPR-Bohm experiment for entangled photons.
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